
Marchlbiz
Parametricity-Recap (see revised note)

1 . C a n d i d a t e s :

a . h e a d expansion
b . Zig-zag completeness

1? o R P o R " = R

t.FI#f
&..I,

heterogeneous!

A ↳ A' ¥ A

¥ 1 2 0
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1 . , cont'd.

a . I f R Z Z C I h m R o i i s t o o .

* (b. I f
R Z Z C t h e n R % R i s s y m t t rans ,

h e n c e E E C

c . I f R z z c t h e n R o RoPo R i s Z Z c .

⇐

2 . Define M r M ' E A [ n : s → 8 ' ] by

n d o n A . Cas
before j

-

a . Compositional: M ~ M' EE ?K7 A. F n ) :

i f f M N M' E A C r i (X-s-n-e-GD]

→ b . F o r a n y A im , -
n

-
e A F n ] i s a

type cand idate .
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3 . Parametricity C = F a r f o r A ) . ¥ AI f T t , M.: A. , t h e n f % ME A

[ > >
s
M E A m e a n s : n ( X ) : S CA→ s ' e x ) .

f o r a l l 8, s ' : S f o r a l l miscasidass,
-

fo r r n j ' f f ( m ] .

.
. f t

J (Jem)) N I C E CMD E A I n ] .

.

. ~

PI e x e r i z e - u s e s p r e r . l e m m a s .
$

(qf naturality i n c a t . thy.)
↳ (commutes w l sub s t aka composition)
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÷.in?in.:..:.:.::::::=:.i::ix
r u l e s . f o r m a l

H e r e . T t , M E M ' : A "equality"
D E F I N E D B Y RULES'. ↳ presuppos-ing

- -
- f t , M , M ' : A

Gene ra l c h a r a c t e r i s t i c s :

i . R s t equivalence relation}congruence.
2 . Compatible "equals by equals"

3 . Computation/Simplification. If)
4 . un ic i ty. ( n )
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R u l e s f o r e C a l l negative! I
@

¥ € i ± ÷ a n n a s
I s wa tcho u t f o r

pre-supp's

¥i¥±±÷±÷÷¥.
%÷÷÷i÷÷. ⇐ " '

"t.i.i.in?iiEa:iiiiiniia-
siiii.i.a?iEEEii.n⇒:a#' s '
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t t . A T
l i e 5 2 ) .

ft¥
¥,M=EMK]MziA#IN

t.mn?m=smF:AIAz-
#=7ax..apcm,x:==( m )
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Rulecforqt-IEIE-
aen.cn#'
f t ¥ A ¥ ¥ ¥ ¥ ¥
[ t c a s e , ( M , ' x . M , ;

x . M e ) =

cateal m'; x . Mi; x . M i )

¥¥÷±in#⇐ i n

i n in,A . ( M i )
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C h o p f o r 0 )

O.fi#;x.m=XmiA.Pl
unicity cond i t ions

f o r positives a r e problematic.

(special c a s e i t 1 = 2 ) .

' ' S h a n n o n

✓HEifzhtf. f i#exparesion
' i

d

ftp.n.nttxwfh.INT.
p
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ftp.MBECB/X3M:LB/
x#P)J=AX.ApCMx:-VxAt h )

-
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FormalEquality-isalogic-ofp .

Car lo v ) .

I s i t s o u n d ? ←
non-poly.

I f t t i e m ' : A , t h e n t.IE#.gIf
( f t M I ⇒ i s s u e )

↳ i n d o n d e r v ' s o f equation.

[ → M I M 'EAoneansN
8 ⇒ ' e t implies'µiE A .

÷ ÷

F o r ) J ( n ' )

Exactly l i ke F T R , b r a i d .
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s e e Reynolds n o t e f o r c a s e o f polymorphism.
# F f s ( w ) )

- n d

8 1 5 a m n f ' (5.c m ' l l
←n o y i o . o r -~

I C E w i l l

t o p rove s y m t t r a n s a r e s o u n d ,

u s e Z z c !

- I t u : r e a d t h a t no te !
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Next
W T S fo rma l equality f o r

e x - s . i s

dead-able..

1 . C t m ⇒ M ' t A

} obviouslyd e i b l e . .
T t U E U' T A .

2 . f t M E M ' : A i f f f a lg
sound#

complete.

f t M E m' d A .

Proof : logical
re la t ions !
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N¥¥g
i c a l f r a m e w o r k ¥ t y p e s only.

( t un iverse) .

~ m a s t e r theory o f
fo rm a l i sm s .

Next
Iep. types m o r e generally
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1 8 Ma rch 2 0 2 1

¥ ¥ a l equality f o r 2,1 x → ( w i n )

1 . D e f i n e M E n ' t A [ c ] type-directed.

U s e s u ⇐ U ' T A [ t ] syntax-directed.

Evidently
decidable l implementable.

2 . P r o v e ( 1 - M E M ' : A i f f M E M ' d A [ f ] .

⇒ ; bridge v i a logical r e l a t i o n s

⇐ : i n d u c t i o n o n d e r i v a t i o n s .

A priori ( i ) c h o o s e s ↳ deduc t i o n s

t h a t t u r n o u t t o s u f f i c e .
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Analgorithun-. M - i ⇒ w e 4 A , G )

E t i e n n e
• .

¥ E i i E ¥
( 2 i s a n interpretedi i i . ' I i :u # u ' t 2 [ f )

yes,
n o ' . 2 ) .
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xfxtafx.IT#yEsT=?Iu?
jEaE.li='".

. f

u l # u ' # A . → A z [ f ) M A M ' t A , G ]

a t a p u . i t # 7
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i ÷ i i i ÷÷s .
t.si?#7-
(Tent=Exvaze.Ccueck).

A dm i t t h e t r a n s i t i o n r u l e a b o v e a t a n y

t ype .
t h e resulting algorithm d e c i d e s p g u n .

I
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Ignoring X ,

A = A , → (Az → . . .
→ L ) ) .

-
t

TA (X. . 2A (Xc-④
) )

A a (X i -FA ( A z . XI))

((X, o 1) (g,) o 2 )(gz). 1 . 2
: I
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i:÷÷÷÷÷÷÷÷÷÷÷÷
2) ^¥j¥?

⇒ M A N T A c o .

A ) (If
I 1- M E N : A

a n d 8 = 8
IE f ( s ]

F a t t h e n 8 (m) = JCN) E A C ? ] .

E ) Pas-dei-deux.'
a l M = N E A I S ] ' ⇒ M A N I A CAT

b ) U = V E't A [ d ) ⇒ U = V E A I s ]
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Coy i d = i d c . t l a .

Def Logical Equivalence
M = M' E A C d ]

1) M = M ' E 1 ( D ) .

2) M = M' E 2 [ s ) i f f M # M ' 4 2 ( a )

3) M = M' E A i x A z [ s ] i f f

M . I = M ' . 1 E A , C s ]

M . 2 = M'- 2 E A z [ b ]

4 ) M = M ' E A , → A z [ s I i f f

f o r a l l A ' s 1

i f M i - Mi E A ,
Cd'? t h e n

apcm.mn-epcmimi.ca, g ,
FEI'
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X = x c-
* A [ S i x : A )

U . i = Wi EA Ai [ A ] i f U = U ' EA , x A z C s )

apcu,Milsap Cu's? : ) c-
*
A z [ s ]

i f u - u ' E TA , → A z C b ]

M ,#? ,' E A , [ s ]
← N B .

,

C c f M , normp
previously) )

U = U't ' t A C s ] i s j u s t t o

¥ t ¥ = mica.-3.)
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IFFIER
= m ' : A a n d 8 = 8 ' c- I 1 1 7 , t h e n

8 (M) = J ' CN E A [ A ] . /

I f n d . o n d r i v ' s .

9) g + ¥ a
✓ ( T c - M : A ,

8 c m = s ta r t E A b))

" ' ¥ h = n i : ¥
head'Tipicion.

e t c , DX
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"÷÷÷÷÷

same m o v e s a s f o r n o r m a l i z a t i o n

→ a l l o c f r e s h w a r I X . A E D .

-
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A v a r i a n t algorithm computes a witness t o

e a c h equation - c o m m o n c a n o n i c a l f o r m

"certifying algorithms"
= p n - o f "

M ⇐ M ' t A T Q [ I ]u←uipa§
a a n o m i e .

[ f ] 4 neutrally
c a non i c a l .

MEmiditsXm.JAQ@eri.z
d Az TQz§)

M # M ' d A , x A , T fo n , Q z #

e t c w x t o n x
t u x th → 'm§¥%

¥?
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Ne-utal:

((1 Cx m ) . 1 ) o 21N)(P))
%

y
%

Spine to rn g.ge#iIIIn,X . e l i n ' s

y .
e l i n ' s

fist ±
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